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Structural Analysis 111

4.4 The Uniqueness Theorem

Linking the upper- and lower-bound theorems, we have:

If a bending moment distribution can be found which satisfies the three conditions of
equilibrium, mechanism, and vield, then the corresponding load factor is the true

load factor at collapse.

So to have identified the correct load factor (and hence collapse mechanism) for a
structure we need to meet all three of the criteria:

1. Equilibrium;

2. Mechanism;

3. Yield.



(1)  Eguilibrium condition: The bending moments must represent a
state of equilibrium between the internal forces in the structure and
the applied loads.

Mechanism condition: At collapse, the bending moment must be
equal to the full plastic moment of resistance of the cross-section at
a sufficient number of sections of the structure for the associated
plastic hinges to constitute a mechanmism involving the whole
structure or some part of it

Yield condition: At every cross-section of the structure, the bending
moment must be less than, or equal to, the full plastic moment of

resistance. / % / < /%@
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--------------------------------------------------------------‘
4.2 The Upperbound (Unsarfe) Theorem ZZM/‘//Q// U - -+ /%gc &&’W/'fh

This can be stated as: /QM% /@agf/'é(z 50)7’96 /OZ,QCM

I a bending moment diagram is found which satisfies the conditions of eguilibrium

arnd mechanism (bur notr necessarilyv vield), then the corvresponding load factoyr iIs

either ocreater than or eqgual to the true load factor at collapse.

/ 2 \
N T ST > AT P
This i1s called the unsafe theorem because for an arbitrarily assumed mechanism the
load factor is either exactly right (when the wield criterion is met) or is wrong and is

too large. leading a desigrner to think that the firame can carvy morve load than is

actually possible.

Think of it like this: unless it”s exactly right, it*s dangerous.

1. If the collapse loads are determined for all possible mechanisms., then the actal

collapse load will be the lowest of these (Upperbound Theoreimn):

Prepared by EngMaged Kamel.



4.3 The Lowerbound (Safe) Theo ?/} M / C

This can be stated as: 2%(//// ;/1(/)1/1/3 C\Z 5/;@ M/O

V/é’

If a bending moment diagcram IS faund which S..::znsf‘es the cnhdznaﬂs of eqgquilibrium

and vield (bur nor necessarvily thar of mecharnism), then rthe corresponding load factor

is either less tharn or egual to the true load factor ar collapse.

This 1s a safe theorem because the load factor will be less than (or at best equal to)
the collapse load factor once equilibriuvm and wield criteria are met leading the

designer to thinl that the structure can carry less than or equal to its actual capacity.

S&/f Z%gél’pm

Think of it like this: it”s either wrong and safe or right and safe.

2. The collapse load of a structure cannot be decreased by increasing the strength of

any part of 1t (Lowerbound Theorem);

Prepared by EngMaged Kamel.



The permutations of the three criteria and the three theorems are summarized 1n the

following table:
o Upperbound Lowerbound :
Criterion (Unsafe) Theorem (Safe) Theorens Unigque Theorem
Mechanism } TS
Equilibrium A=A,
AZA,

Yield L/

9/l/é
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