A matrix is said to be in row echelon form S %7

(i) If the first nonzero entry in e¢ach nonzero row 1s 1.

(ii) If row k does not consist entirely of zeros, the number of leading zero
entries in row k 4 1 18 greater than the number of leading zero entries in
row k.

(iii) If there are rows whose entries are all zeto, they are below the rows having
NONZETO entres.
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A rectangular matnx 15 1n echelon form (or row echelon form) if 1t has the
following three properties:

1. All nonzero rows are above any rows of all zeros.

2. Each leading entry of a row 1s 1n a column to the nght of the leading entry of
the row above it.

3. All entries in a column below a leading entry are zeros.

If a matnx o echelon form satisfies the following additional conditions, then it 1s
in reduced echelon form (or redoced row echelon form):

4. The leading entry 1n each nonzero row 1s 1.

5. Each leading 1 1s the only nonzero entry in its column.
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Definition: A matrix is in row echelon form (REF) if it satisfies the following three properties:
=, Sfévfes‘ noh ZerO

(i) All nonzero rows are above any rows of all zeros.
Mnemonic: “Rows of zeros have to be at the bottom!”

(ii) Each leading (nonzero) entry of a row is in a column to the right of the leading (nonzero)

entry of the row above it. o | |
Mnemonic: “As you go down, leading entries must

move to the right!”

(iii) All entries in a column below a leading (nonzero) entry are zeros.

Mnemonic: “Entries below leading entries must be
7er0!”



Definition: A matrix is in reduced row echelon form (RREF) if it satisfies the following three
properties:

(i)~(iii) Tt is in REF.
< must ,
Eg vl
(iv) The leading (nonzero) entry in each row is 1. ’

Mnemonic: “Leading entries must equal 1!”

(v) Each leading 1 is the only nonzero entry in its column.

Mnemonic: “Entries above leading entries must also be
zero!”
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This 18 how the process might work for a 3 X 4 matrix: A

/
1 B N 1 [ '

L nonE i l 1N
0 W m B 0 1 m B 01 {4 m
ommuEl |00 mN _nn|ﬁ_\/

Once an augmented matrix 18 in row-echelon form, we can solve the corresponding
linear system using back-substitution. This techmique 15 called Gaussian elimination,

in honor of 1ts inventor, the German mathematician C. F. Gauss (see page 326).
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A pivot position 1n a matrix A 1s a location in A that corresponds to a leading |
in the reduced echelon f: A. A pivot column 1s a column of A that coptains
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Reduced Row Echelon Method>> (¢vsi- Jorcev

Another matrix method for solving systems is the reduced row echelon method.
Earlier, we saw that the row echelon form of a matrix has 1s along the main diagonal
and Os below. The reduced row echelon form has Is along the main diagonal and Os
both below and above. For example, the augmented matrix of the system

X4y ¥+ Z=106 1 1 1|6
2x-— Yy 4+ =Z=:5 is 2 —K Al =
3x +y —2z=09 3 $ =219

By using row transformations, this augmented matrix can be transformed to

1{f O 0|3 x = 3 Leros
Reduced row . sauy re aéove
echelon form 0O O | 2 |, whichrepresents the system y 2 O

D B L] X z= 1. ond below

The solution set is { (3, 2, 1) } . There is no need for back-substitution with mduceb’ S

row echelon form. M
T/)fﬂ FiVoLS = Three fNol’ Colums

A pivot position in a matrix A4 1s a location in A that corresponds to a leading |
in the reduced echelon form of 4. A pivot column is a column of A that contains
a pivol position.
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DAvID C. LAY EXAMPLE 2 Row reduce the matrix A below to echélon form, and locatethe pivot
columns of A.

0 =3 —6 4 9
Y
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1 -2 -1 3 ] Definition: A matrix is in row echelon form (REF) if it satisfies the following three properties:

(i) ALl nonzero rows are above any rows of all zeros.

Mnemonic; “Rows of zeros have to be at the bottom!”

@ 4 5 -9 - 7 (ii) Each leading (nonzero) entry of a row is in a column to the right of the leading (nonzero)

entry of the row above if. . | |
-l -2 - | 3 ‘ Mnemonic: “As you go down, leading entries must

-2 - 3 0 3 - \ move to the right!”

o -3 —6 4 9 (iii) ALl entries in a column below a leading (nonzero) entry are zeros.
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The matnx 1s in echelon form and thus reveals that columns 1, 2, and 4 of A are pivot

columns. ¢ Ca2 Cy " .
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